The wheel -rail contact analysis plays a fundamental role in the multibody modeling of railway vehicles. A good contact model must provide an accurate description of the global and local contact phenomena (contact forces, position and shape of the contact patch, stress and strain) and a general handling of the multiple contact. The model has also to assure high numerical efficiency and a good compatibility with commercial multibody software (Simpack, Adams). In this work the authors intend to present an innovative elastic wheel -rail contact model that satisfies the previous specifics. The model considers the wheel and the rail as elastic deformable bodies and requires the numerical solution of the Navier's elasticity equation. The contact between wheel and rail has been described by means of suitable analytical contact conditions. Subsequently the contact model has been inserted within the multibody model of a benchmark railway vehicle (the Manchester Wagon) in order to obtain a complete model of the wagon. The whole model has been implemented in the Matlab/Simulink environment. Finally numerical simulations of the vehicle dynamics have been carried out on many different railway tracks with the aim of evaluating the performance of the model. The multibody model of the same vehicle (this time equipped with a standard contact model) has been then implemented also in Simpack Rail. The comparison between the results obtained by the Matlab model and those obtained by the Simpack model has allowed an accurate and reliable validation of the new contact model. In conclusion the main purpose of the authors is to achieve a better integration between the differential modeling and the multibody modeling. This kind of integration is almost absent in literature (especially in the railway field) due to the computational cost and to the memory consumption. However it is very important because only the differential modeling allows an accurate analysis of the contact problem (in terms of contact forces, position and shape of the contact patch, stress and strain) while the multibody modeling is currently the standard in the study of the railway dynamics.
INTRODUCTION
The multibody simulation of the railway vehicle dynamics needs a reliable contact model that satisfies the following specifics: accurate description of the global and local contact phenomena (contact forces, position and shape of the contact patch, stress and strain), general and robust handling of the multiple contact, high numerical efficiency and compatibility with commercial multibody software (Simpack Rail, Adams Rail). The wheel -rail contact problem has been discussed by several authors and many models can be found in the literature. All the contact model specifically designed for the multibody modeling (as the so-called rigid contact formulation [1] - [6] and the semi-elastic contact description [4] - [8] ) are computationally very efficient but their generality and accuracy turn out to be often insufficient. In particular, the physical theories behind this kind of models (Hertz's and Kalker's theory) require very restrictive hypotheses that, in many circumstances, are unverified. Differential contact models are needed if a detail description of the contact phenomena is required. In other words wheel and rail have to be considered elastic bodies governed by the Navier's equations and the contact has to be described by suitable analytical contact conditions. This kind of approach assures high generality and accuracy but still needs very large computational costs and memory consumption [4] [9]- [13] . For this reason, the integration between multibody and differential modeling is almost absent in literature especially in the railway field. However this integration is very important because only the differential modeling allows an accurate analysis of the contact problem while the multibody modeling is the standard in the study of the railway dynamics. In this work the authors intend to present an innovative differential contact model with the aim of achieving a better integration between multibody and differential modeling. The new contact model is fully 3D and satisfies all the specifics described above. The developed procedure requires the discretization of the elastic contact problem (Navier's equations and analytical contact condition) and subsequently the solution of the nonlinear discrete problem. Both the steps have been implemented in Matlab/Simulink environment. At this point the contact model has been inserted within a 2D multibody model of a railway vehicle to obtain a complete model of the wagon. The railway vehicle chosen as benchmark is the Manchester Wagon [14] . The choice of a 2D multibody model allows to study the lateral vehicle dynamics and at the same time to reduce the computational load. In the near future fully 3D multibody models will be considered in order to have a complete description of the vehicle dynamics. 
ARCHITECTURE OF THE MODEL
As said in the introduction the whole model consists of two different part: the 2D multibody model of the railway vehicle and the fully 3D differential wheelrail contact model. The 2D model has been obtained from a fully 3D multibody model of the benchmark vehicle (the Manchester Wagon, Fig. (1) ). The 2D model consists of three bodies: a car -body, a bogie and a wheelset. The car -body and the bogie have 3 DOF (lateral and vertical displacement and roll) while the wheelset has 4 DOF (lateral and vertical displacement, roll and pitch, i.e. the rotation around its symmetry axis). In other words the wheelset has been considered as a 3D body. During the simulation the 2D multibody model interacts with the fully 3D differential contact model. The general architecture of the model is schematically shown in Fig. ( 2). At each integration step the multibody model evaluates the kinematic variables relative to the wheelset and consequently to each wheel -rail pair. Starting from these quantities, the contact model calculates the global and local contact variables (force, contact patch, stress and displacement). Finally the knowledge of the contact variables allows the multibody model to carry on the simulation of the vehicle dynamics.
REFERENCE SYSTEMS
The railway track can be considered as a 3D curve In order to correctly describe the differential contact model, two further reference systems have to be Finally, as regards the external forces acting on the bodies, some considerations are needed. As said before, the lateral vehicle dynamics is studied in the local reference system R R R R O x y z but this system is not inertial. Therefore the multibody model will have to consider the effect of the fictitious forces (centrifugal force and Coriolis force). These quantities can be calculated starting from the knowledge of the kinematics of the bodies as a function of the curvature Moreover, in order to assure the dynamic equivalence between the 2D model and the original 3D model, the inertial characteristics of the bodies and the physical characteristics of the force elements have to be correctly scaled down. [5] [14] The values of the scaling factors are schematically reported in Tab. (1) and Tab. (2) . The choice of a 2D multibody model has been made with the aim of studying the lateral vehicle dynamics and, at the same time, of reducing the computational load. In the near future fully 3D multibody models of the Manchester Wagon will be considered in order to have a complete description of the vehicle dynamics.
THE 3D DIFFERENTIAL CONTACT MODEL
As regards the generic contact variable Z , the following convention will be adopted: In the future, according to this convention, the various changes of reference system won't be continually remarked but will be taken for granted.
Inputs and Outputs
With reference to (4)).
- 
The kinematics of the problem
The wheel and the rail have been considered as two linear elastic bodies w Ω and r Ω (as shown in Fig. (6)). [10] [11] Both the domains are supposed to be sufficiently large compared to the dimensions of the contact patch. u . Finally it is useful to remark that no hypothesis has been made on the shape of the contact patch; in particular, the contact patch can be formed of one or more disjoint parts. As regards the wheel and rail profiles, the standard ORE S 1002 and UIC 60 have been used. [15] 
The contact model
According to the linear theory of elasticity [10] [11], both the wheel and the rail are governed by the Navier's equations: between the wheel and rail surfaces has to be defined. Since the solution is supposed to be steady within the integration step, the following expression holds: [4] ( ) 
The discretization of the model
Both the elastic bodies have been discretized by means of tetrahedral elements and linear shape functions. The meshes have been built according to the standard Delaunay's algorithms (see Fig. (8) ). [16] 
The numerical solution of the discrete problem
In this paragraph the numerical methods used for solving the discrete contact problem (15) H (depending on the number of active elements) are about 100 1000 ÷ . Due to the small dimension of the problem, a Newton-LU method has been implemented in order to solve system (15) . [21] Newton-LU is a Newton-type method for the problem ( ) 0 F x = where F is a generic nonlinear function. In particular, in this procedure, the Gauss method is employed to solve the arising linear systems:
where '( ) F x is the Jacobian matrix of ( ) F x and k s is the Newton step. It has to be remarked that this approach needs the computation and the storage of the whole Jacobian at each iteration. Therefore, this procedure may be very expensive in terms of time consuming even though the small dimension. In order to reduce the computational load, also a strategy based on a Newton-Krylov method (implemented in "matrix free" way) has been considered. [18] [23] Newton-Krylov methods are Newton-type methods where a Krylov method is employed to solve approximately the arising linear systems (17) . The Krylov method computes, at each iteration, the socalled inexact Newton step k s which satisfies the condition:
where the forcing terms
the level of accuracy. [18] As regards the considered problem, numerical experimentations showed that, among all the Krylov methods, the best iterative linear solver is the BiCGStab. [19] This kind of numerical procedures are known as Newton -BiCGStab methods. An interesting feature of Newton -BiCGStab methods is that they require only the action of '( ) F x on a vector v but not the computation and the storage of the whole Jacobian. In this case, the product '( ) F x v can be approximated by finite differences [20] :
where 0 ε > is a scalar small enough. Consequently these methods are called "matrix free". It has been observed that a small number of nonlinear iterations is needed for solving the nonlinear system (15) and that the convergence is achieved in almost all cases. Consequently the choice of a less accurate solution of the Newton equations (17) Both the methods stop if the following stopping criterion is satisfied:
The comparison between the performances of the different strategies will be reported in following chapter.
As regards the time integration of the whole model (multibody model and contact model; see Fig. (2) ), explicit ODE solvers with variable step and variable order have been considered. [22] Moreover, during the simulations, the initial conditions for the nonlinear solvers (i.e. the Newton -BiCGStab and Newton -LU methods) are continually updated in order to speed up the convergence of the solvers and to reduce the computation time. In other words the solution of the problem at the current time step is used as initial condition for the solver at the next time step.
NUMERICAL SIMULATION
In order to study the behavior of the whole model, a large number of simulations has been carried out on many different railway tracks. The performances of the model have been evaluated both in terms of output accuracy (kinematic variables, contact forces and contact patch) and in terms of numerical efficiency (performances of the numerical algorithms and time consumption).
Performances of the numerical methods
In this section the performances of the numerical procedures described in paragraph 5.5 will be analyzed and compared to each other. To this purpose a typical simulation of the lateral dynamics of the Manchester Wagon has been considered. [5] [15] The simulations have been performed on a curvilinear railway track, the data of which are reported in Tab. (3) . The comparison between the numerical methods has been carried out on a machine equipped with an Intel Xeon 2.66GHz, 8GB RAM using Matlab R2007b (machine precision The results show that low order solvers like the ODE23 turn out to be better than high order solvers like ODE45. As said in the paragraph 5.5, Eq. (15) can be also solved by means of a Newton -LU strategy. Tab (6) contains the results obtained by solving (15) Looking at Tab. (6), the Newton -BiCGStab methods (matrix free) are more efficient than the Newton -LU methods. In particular the computation and the storage of the Jacobian matrix at each nonlinear iteration turned out to be too time-consuming. Finally, in order to justify the choice of the constant forcing term 
The SIMPACK RAIL 2D multibody model
The same multibody model of the benchmark vehicle (the Manchester Wagon [14] ) has been implemented also in Simpack Rail, a widely tested and validated multibody software for the analysis of the railway vehicle dynamics. This time the multibody model is equipped with a standard contact model based on the semi -elastic approach. [4] [5] [6] As in the previous case the 2D multibody model (designed for the study of the lateral dynamics) has been obtained from the fully 3D multibody model of the vehicle while the contact model is completely 3D (see Fig. (10) ). The comparison between the results obtained by the Matlab/Simulink model and those obtained by the Simpack Rail model has allowed an accurate and reliable validation of the new contact model. 
Simulation of the lateral vehicle dynamics
The comparison between the Matlab/Simulink model (implemented on Matlab R2007b) and the Simpack Rail model (implemented on Simpack 8.900) has been carried out on the same curvilinear railway track introduced above (see Tab Among all the kinematic and dynamic variables evaluated by the models, the time histories of the following quantities are reported (for the sake of simplicity all the outputs are expressed in the reference system R R R R O x y z ):
-the lateral displacement (Fig. (11) ) -the lateral displacement (Fig. (12) ) -the contact forces on the left wheel (Fig. (14) and Fig. (16) ).
The Matlab variables are plotted in blue while the equivalent Simpack quantities in red. Moreover the sections of the contact patches have been plotted on cylindrical surfaces generated by the wheel and rail profiles and as long as the distance traveled by the vehicle. By convention lwC A , rwC A are the contact areas on the left and on the right wheel (Fig. (17) and Fig. (18) ) while lrC A , rrC A are the contact areas on the left and on the right rail (Fig. (19) and Fig. (20) ). The sections of the contact areas evaluated by the Matlab model are plotted in blue while the contact points detected by the Simpack model are plotted in black. It is interesting to remark that, during the curve, a second contact point appears on the left wheel and rail (the track turns to left). Consequently, while the Simpack model detects two distinct contact points, the contact areas evaluated by the Matlab model consist of two disjoint parts. Also in this case the agreement 
CONCLUSION AND PERSPECTIVE
The performances of the Matlab model turned out to be good both in terms of output accuracy (kinematic variables, contact forces and contact patch) and in terms of numerical efficiency (performances of the numerical algorithms and time consumption) and satisfy all the specifics reported in the introduction (see chapter 1). As regards the further developments, in the near future fully 3D multibody models of the Manchester Wagon will be considered. This kind of model allows a complete description of the vehicle dynamics but obviously involves an increase of the model DOFs and of the number of wheel -rail contact pairs. Moreover many optimizations of the differential contact model are planned for the future. The improvements will regard especially the FEM techniques used to discretize the contact problem. In particular new mesh generation algorithms and suitable nonlinear shape functions will be examined. These techniques assure a better accuracy in the description of the local contact phenomena but increases the dimension of the discrete problem and consequently the computational load and the memory consumption. Finally the implementation of the contact model in programming environments like C/C++ and FORTRAN will be considered in order to obtain a further reduction of the computation time.
